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Reachability
® Given an n-dimensional linear system
x(t) = Ax(t)

and a set of initial states x(0) € Ay C R”

® Let &, (t) be the trajectory from initial state xp at time point t

® We are interested in the reachable states for time point t
Re = {8o(t) : x0 € Xo}
and more generally for time intervals
Rito,tr] = 1x(t) 1 X0 € Ao, t € [to, ta]}
® Time-bounded reachability problem: Compute Ryo 7
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Reachability

[ 1X,
] R[35/10, 45/10]
B 75
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Reachability

® Given an n-dimensional linear system
x(t) = Ax(t)
and a set of initial states x(0) € Ay C R”

® General idea: Exploit that for any tg, t1,d € Rsg and ® := e*?

Ritg+6,t146] = PRitg,11]

and compute (over)approximation Qg 2 Ry 4]
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Discretization

® Define the sequence 2y, 1 = PQ
® Simple corollary:

[T/d]
Q2O Rps = |J %2R
k=0
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Discretization
® Given an n-dimensional linear system
x(t) = Ax(t)
and a set of initial states x(0) € Ay C R”

® Discretization algorithm
® Choose (small) time step § € Rq

® Compute (over)approximation Qg 2 Rpo ]

® Transform to n-dimensional linear discrete system
Xkt1 = Pxic

with initial states xg € Qg
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Discretization

Central problem: “Compute approximation {29 2 Rg 5"

Reachability algorithm for discretized system
® Precision depends only on Qg
® For performance reasons, g should be convex
(And sometimes more specific, e.g., a zonotope)

Secondary problem: How to choose §7

® Large: fast (few iterations for reachability algorithm)
® Small: precise (roughly: lims_0 Q0 — Ryo,s])
® Not covered here

® Implemented in JuliaReach?

1S, Bogomolov et al. HSCC. https://github.com/JuliaReach/. 2019.
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Inputs

® Most approaches support systems of the form
x(t) = Ax(t) + Bu(t)

where u(t) is an coming from a known set U:
u(t) € U for all t

® For simplicity we only consider homogeneous systems
(U = {0}) in this presentation
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Notation

e CH(X): convex hull of X

(smallest convex set containing X’)
e XY ={x+y:xe X,y €Y} Minkowski sum of X and
e 3P: ball in p-norm of radius € centered in origin (may omit p)
e [J(X): symmetric interval hull of X

(smallest box containing both X" and its reflection in origin)
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Generic approach

® Start with Xy and ® X,
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Generic approach

e Compute convex hull CH(Xp U ©AXp)
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Generic approach

® Bloat the set to cover all trajectories
CHXU(PXydaH)) e T
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a/dt! First- and second-order methods
[ .

Qo = CH(Xy U dXp) & Be
o= (M1 — 1 JA8) 0] — 2 4IRS o
e Zonotope?:
Qo = zonotope(CH(Xy U ®Ap)) & B
e = (lM=? —1— Al [| Kol oo
e LGG3:
Qo = CH(Xp U (X @ B.))
e = (el —1— ||A]6) || %]

YE. Asarin et al. HSCC. 2000
2A. Girard. HSCC. 2005

3C. Le Guernic and A. Girard. Nonlinear Analysis: Hybrid Systems (2010)
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Support function

o let ) C X CR"bea

The support function of X in direction d is

px - R" =R
pX(d) = Tea%((daX)

X1

{x €R™: (d,x) < pa(d)}

and d € R”

Conclusion
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Best convex approximation
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Forward and forward-backward methods

e Forward-backward (SpaceEx)?:
Q=CH( |J )
X€[0,1]
D=1 - N AX & (M\ELN(1—N)E-)
Er = B(V(|A],6) B (A*X))
E. = D(V(|AL5) B (A0p))
o 5i+2

W(A,8) =

e Forward (JuliaReach)?:

Qo = CH(Xp U (X @ EL))

1G. Frehse et al. CAV. 2011
2S. Bogomolov et al. HSCC. 2018

Conclusion

e}
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Correction-hull method

® Interval matrices (CORA)!:

Qo = CH(XO U (DX[)) D FpXO

2 jp.— =L Al
Fp=E+ Z;[d (im1 — IH)’O]F
E = n x n matrix filled with [—¢, €]
(IAlls0)P*t 1
(p+1) 1-a
JAld
p+2

® Truncation order p = 4 used in experiments

IM. Althoff, O. Stursberg, and M. Buss. CDC. 2007.

Conclusion
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Experiment 1

¢ Harmonic oscillator

0 1
x(t) = x(t
W=, .0
0
X0 =
10

® Compare methods
® Vary one parameter (§ resp. Xp)

® Reference reachable states for small time steps in gray

19/30



Discretization
0000000

* Xy =[-0.1,0.1] x [9.9,10.1] = O(xp,0.1) (square around xp)
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Experiment 1 - Example 1

—

Qo d/dt

[=—_1 Qo Zonotope

C_—1QLGG

[C_—1 Qo Forward/backward
1 Qo Forward
[ Qo Correction hull

L n n n

-0

.25 0.00 0.25 0.50
0=0.02

Conclusion
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Experiment 1 - Varying 0

102
104 —
101
102
100 100
98
0 g/t 99 Qo dfat
. Zonotope Q0 Zonotope
0 LGG Q016G
o Forward/backward Qo Forward/backward
o6 0 Forward Qo Forward
. Correction hull & Correction hul
98
-025 0.00 025 050
6=10.02
1010
1010
10,05
10.05
10.00 10.00
9.95
9.95
Qo djdt da/dt
9 Zonotope m Zonotope
.90 m Fnrward/backward m Forward/backward
Qo Forw 990 orwar
& Correction hul s & Cortection hull
-010 -0.05 0.00 005 010 015 -010 ~0.05 0.00 005 010
4= 0.006 §=0.003
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Experiment 1 - Example 2

0 = 0.005

10.02
10.01
10.00
9.99
Qo d/dt

[__1 Qo Zonotope

1 QLGG

 — o Forward/backward

[__1 Qo Forward
9.98 + {7 Qo Correction hull

L L L T T
-0.02 0.00 0.02 0.04 0.06
Xo = [(xo, 0)
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Experiment 1 - Varying Ay

1003

1002

1001

10.00

9.99

Qo d/dt Qo d/dt
Qo Zonotope 9.98 Qo Zonotope
Q0LGG QLGG
Qo Forward/backward Qo Forward/backward
Qo Forward Qo Forward
Qo Correction hull 997 Qo Correction hull

.02 0.00

0.02
Xo = O(xo, 0)

0.04

Qo djdt
Qo Zonotope
Q0 LGG

Qo Forward/backward
QoF¢

orwal
Qo Correction hull

-0.025

0.000

0.025 0.050 0075
Xo = [(xo, 0.01)

-0.10 -0.05 0.00 0.05
Xo = [(xo, 0.1)

0.10

00 05 10
Xo = O(xo, 1)
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Experiment 2

® Quantitative analysis

® Harmonic oscillator

* Two degree of freedom
® 4 dimensions
* [|Alo = 10001

ISS (docking maneuver)

® 270 dimensions
® Nondeterministic inputs
® ||Alleo = 3763

Vary §
Compare support function p(d, ) in direction d =1
® Lazy computation except for Zonotope and Correction hull
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Experiment 2 - Harmonic oscillator

d/dt —— Zonotope — LGG
—— Forward /backward —— Forward —— Correction hull

T T T T T
= 101.2 - |

C:v\
E 101.1 - N
101 S L L | | =
10—1.2 10—1.4 10—1.6 10—1.8 10—2
o
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Discretization
Experiment 2 - Two degree of freedom
d/dt —— Zonotope — LGG
—— Forward /backward — Forward —— Correction hull
101.67 [rrrrr 71 T [rrrr 7 [rrrr 17 [rrrr 7 |
=)
c:" 101.4 - N
K 101.2 = N
Lo 1 Lo 1 Lo 1 Lo 1
102 1073 1074 107°
0

¢ Forward/backward and Forward yield identical results
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Experiment 2 - ISS

—— Zonotope — LGG —— Forward /backward

—— Forward —— Correction hull
F ‘\ TT1 171 T ‘\\ T 1 71 T ‘\ T1 1 71 T -
_
S ol §
s Y
< 1071 g E
L Livig 1 Lov iy 1 Livi o1 §

1072 103 1074
1)
[ not applicable here
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Experiment 2 - Run times

® Time in milliseconds

Model ‘ d/dt  Zonotope! LGG Fwd/bwd Forward  Correction hullt

Oscillator 0.01 0.02 0.01 6.56 0.03 0.23
TDoF 0.03 0.05 0.01 6.17 0.06 0.51
ISS - 32.99 25.93 657.80 476.96 4701.20

!Non-lazy computation
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Conclusion

® Six methods to discretize linear continuous systems

® Choose time step 9 and compute (g » 7o 5

¢ First-/Second-order methods: cheap but coarse, esp. for
large || A

® Forward-backward method: expensive but precise

¢ Forward-only method: good compromise

® Correction-hull method: expensive; incomparable; yields
zonotope; applies to interval matrix A

® Also in the paper:
® Homogenization of systems with inputs
Two-step process with smaller time step
Efficient implementation
Computation of e?? for large A with Krylov subspace
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