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Control system

A (continuous-time) control system is a triple (f, C,7) with

o f: x = f(x,u) : R"™ 5 R"
o C: C:R" > R™
o T TeRT
clocklt:kT

t x(kT
[ Environment x = f(x, u) x(®) (k7)

up = C(x(kT))

( ,
LControl policy C]
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Example: Stabilizing a pole on a cart

e Continuous time

p=v l
0 =w

w=¢

. 1

V=1 — Zgbcos(&)

~9.8sin(f) — cos(8)y)
0= 2/3 +5/11 cos()?

10w + 0.05w?sin(6)
B 11

FTrrrrrrrr Frrrrii’

7 =0.02
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Example: Car reaching the top of a mountain
® Discrete time

Vi1 = Vk + (u — 1)F — cos(3pk)g
Pk+1 = Pk + Vk+1
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Reach-avoid problem

Reach-avoid specification:

® Given:
® Set of Xy CR"
® Set of gCR”
® Set of ECR”
® Time bound T

® “Starting at Xy, reach G before T while avoiding £"
Xy — -£ Z/{T g

Reach-avoid problem:

® Does a given control policy C satisfy a reach-avoid specification?

Conclusion
000

® Reduces to computing reachable states of control system (f, C, )

¢ Undecidable for nonlinear environments f(x, u), even with fixed u

Synthesis problem:

® Find a control policy C that satisfies a reach-avoid specification

6/39



Problem Neural-network controllers Decision-tree controllers Conclusion
00000e 0000000000000 000 0000000000000 000

Example: Cart/pole system

Example: po, v, 0o, wo € [—0.05,0.05] and T =2
0.06

0.00

—0.06575 0.5 1.0 1.5 2.0

time
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Neural-network control system[l][z]

A neural-network control system (DTCS) uses a neural-network policy
N:R" — R™

cIockl t =kt

t x(kT
[ Environment x = f(x, u) x(t) (k)

ur = N(x(kT))

{Neural—network policy NJ

(1 Schilling, Forets, and Guadalupe. AAAI. 2022.

(2l Kochdumper, Schilling, Althoff, and Bak. NASA Formal Methods. 2023.
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Environment:
X = vcos(6)
y = vsin(6)

9 =W

Vv=u +w

Specification:
X(O) e X

|
x(10) e G
Controller:

500 hidden units
7=02

-2

-3

-4

Unicycle model

Conclusion

000

42 simulations
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y = vsin(0)
GZU2
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X(O) € Xy

|
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Controller:

500 hidden units
7=02

ua () /uz(t)
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0000000000000
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Uy

0.0 2.5

control signals (42 simulations)
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Environment:
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Set-based simulations/reachability analysis
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Two reachability algorithms

Reachability algorithm 10!
e Combination of Taylor models? and zonotopesl?!
* Implemented in JuliaReach!l

Reachability algorithm 20!
¢ Polynomial zonotopes!®!
¢ Implemented in CORAL]

(1] Schilling, Forets, and Guadalupe. AAAL 2022.

[l Makino and Berz. Int. J. Pure Appl. Math (2003).

Kl Singh, Gehr, Mirman, Piischel, and Vechev. NeurlPS. 2018.

[l Bogomolov, Forets, Frehse, Potomkin, and Schilling. HSCC. 2019.

(5] Kochdumper, Schilling, Althoff, and Bak. NASA Formal Methods. 2023.
(6l Kochdumper and Althoff. IEEE Trans. Autom. Control. (2021).

[7] Althoff. ARCH. 2015.
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Taylor model and structured zonotope

3t 3t
27 27
[\l [\l
8 8
17 17
0r 0r
0 1 2 3 4 0 1 2 3 4
1 €1
Structured zonotope Taylor model enclosed by

structured zonotope
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Conclusion

Combining Taylor models with zonotopes

Taylor model

[ Environment x = f(x, u)

ug = N(x(k7))

{Neural—network policy NJ
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Combining Taylor models with zonotopes

X2
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Combining Taylor models with zonotopes

o [

-1
:3—2

-3

—4

0 2 4
x Ed
Naive combination Careful combination
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Evaluation

¢ Benchmark problems from ARCH-COMP!

® JuliaReach was the first tool that solved all problems

e Comparison with Sherlock?
® Taylor-model techniques for environment
® Quadratic approximation for neural network
® No set conversion (Taylor model end-to-end)

(1] Johnson et al. ARCH. 2021.

2 Dutta, Chen, and Sankaranarayanan. HSCC. 2019.
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Unicycle car
0 0
al -1
) _2
-3
3
-4
-4
-5
I T 0 2 4,6 8 40
JuliaReach, 93 seconds Sherlock, 526 seconds

® 4 state dimensions, 2 control dimensions

® Comparable precision
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Airplane
1.3
120 Lol
L15 1.1t
.
110 =~
105 ¢ 0.9}
1.00 ¢ 0.8
0123456—1012y3456
Yy
JuliaReach, 29 seconds Sherlock, stopped after 169
seconds

® 12 state dimensions, 6 control dimensions

® Sherlock diverges
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Conclusion

Translational oscillations by a rotational actuator (TORA)

1O

0.5
0.0

Q \
—0.5"
-1.0
-15 -1.5

210 =05 00 05 10 21 05 .0 05

r1

JuliaReach, 2040 seconds Sherlock, 30 seconds

® 4 state dimensions, 1 control dimension

® JuliaReach needs to split the initial states
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Two reachability algorithms

Reachability algorithm 10!
e Combination of Taylor models? and zonotopesl?!
* Implemented in JuliaReach!l

Reachability algorithm 20!
¢ Polynomial zonotopes!®!
¢ Implemented in CORAL]

(1] Schilling, Forets, and Guadalupe. AAAL 2022.

[l Makino and Berz. Int. J. Pure Appl. Math (2003).

Kl Singh, Gehr, Mirman, Piischel, and Vechev. NeurlPS. 2018.

[l Bogomolov, Forets, Frehse, Potomkin, and Schilling. HSCC. 2019.

(5] Kochdumper, Schilling, Althoff, and Bak. NASA Formal Methods. 2023.
(6l Kochdumper and Althoff. IEEE Trans. Autom. Control. (2021).

[7] Althoff. ARCH. 2015.
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Polynomial zonotope - Example

The polynomial zonotope
4 2 1 2 1 1 0 3
4710 2 2[7fo]’l0 1 1

1
051

defines the set

{

4

a?az +
4

+

2 n
(6751
0

Yoot
o
5 2

aq,00,01 € [—171]}

L4
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Approximation of ReLU activation

20/39



Problem Neural-network controllers Decision-tree controllers Conclusion
000000 0000000000000 e00 0000000000000 000

Approximation quality on random neural networks

RelLU Sigmoid tanh
0.8 1.4 1
0.7 12
0.5
0.6 1
05 0.8 0 |
N 5 N
> 04 > 06 >
03 04 05
0.2 0.2
-1
o1 o
0 -0.2 -1.5
14 15 16 1.7 18 19 0.2 0.4 0.6 0.8 1 -3 -2 -1 0 1 2
Y1 Y1 Y1

® Polynomial zonotope

e Zonotope

e Star set (only applicable to ReLU)

® Taylor model (only applicable to Sigmoid and tanh)
® Exact solution
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Approximation quality on control problems

= g
&

02 0 02 04 06 08 1 12 24 26 28 30 32
1 z2
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Comparison

RelLU sigmoid hyp. tangent
L 58] 2 ¢_¢8 S & ¢
S 2 Rlw w 2 2Rl w w 2 %R
g & »|¢ ¢ % Joxl2 2 L 3 5
5 2|32 ¢Re|2 2 LC
B1 (2,2,20) 49 69 23 2| - 48 - 25 8
B2 (2,2,20) 12 8 32 10 1| - - 3 -
B3 (2,2,20) 98 47 130 37 3|98 43 128 38 3
B4 (3,2,20) 24 12 20 4 1|23 11 20 4 1
B5 (3, 3,100) 196 1063 31 25 2| - 168 - 31 2
TORA (4,3, a) 30 2040 13 | 136 83 13402 1134 70 2524 1
ACC (6, b, 20) 4 1 2 - 1512 - 312 2
Unic. (3,1,500) |526 93 3
Airp. (12,3,100) | - 29 7
SPen. (2,2,25) 1 1 1
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Overview

Decision-tree controllers
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Decision-tree control system[!!

A decision-tree control system (DTCS) uses a decision-tree policy
T :R" — U where U CR™

cIockl t =kt

t x(kT
[ Environment x = f(x, u) x(t) (k)

up = T(x(kT))

{Decision—tree policy T]

Example: Cart/pole system 0

(1 Schilling, Lukina, Demirovi¢, and Larsen. NeurlPS. Spotlight. 2023.

Conclusion
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Reach-avoid problem for DTCS

® We consider axis-aligned decisions (“x < ¢"), used in various tools
such as Uppaal Stratego™ and dtControll?l

® If f(x,u) = u, we call f state independent

Theorem
The reach-avoid problem for state-independent DTCS is

1. undecidable in unbounded time
2. PSPACE-complete in bounded time

(1] David, Jensen, Larsen, Mikucionis, and Taankvist. TACAS. 2015.
& Ashok, Jackermeier, Jagtap, Kretinsky, Weininger, and Zamani. HSCC. 2020.
26 /39
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Algorithm sketch

Eleft
Cright

—0.4"

~0.05 0.00 0.05

27/39



Problem Neural-network controllers Decision-tree controllers Conclusion
000000 0000000000000 000 000000000000 000

Algorithm sketch
Xo: po, Vo,e(),wo S [—005,005]

-0.05 0.00 0.05
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Algorithm sketch

Xo: po, Vo,go,wO S [—005,005]
7: 0.02

A

-0.05 0.00 0.05
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Algorithm sketch

Xo: po, Vo, 00, wo € [—005,005]
7: 0.02

—0.4+" ‘ ‘
—0.05 0.00 0.05
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Reachability algorithm

[

. Start from set of initial states Xj

N

. For each control action u € U

2.1 Compute subset Xy’
2.2 Compute set of reachable states R, ,; under f(x, u)
2.3 Compute set of final reachable states R/

3. Obtain set of reachable states Rjo ;) = U, R
4. Obtain set of final reachable states R, = J, 77!

® We use Taylor models to represent the sets Rf’O_T] and RY
® We can repeat from R for time interval [, 27], etc.

® Unions of sets: generally must be treated individually

® Step 4 creates unions
® Step 2.1 also creates unions

Conclusion

000
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Conclusion
000

Example for union creation when selecting subsets X’

-0.4 -0.2 0.0 0.2 0.4

oy
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Conclusion
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Example for union creation when selecting subsets X’

-0.4 -0.2 0.0 0.2 0.4

oy
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Comparison to generic algorithm

A DTCS is a special case of a hybrid automaton
® Generic reachability algorithm failed in all case studies

Our algorithm exploits problem structure in several ways

® Periodic controller ~~ only check conditions occasionally
® T partitions a set X' in a hierarchical way

® Each predicate either splits X' in two or keeps it intact
® |f intact ~» no need to explore complement branch

No split for leaves with same action ~~ no precision loss
® Axis-aligned predicates ~~ cheap interval abstractions

30/39
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Dealing with set splits

® Only set %, after control period is relevant

-0.4

20.05 0.00 0.05
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Dealing with set splits

® Bottom set covered by green sets v
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Dealing with set splits

® Top set: zoom in

-0.4

20.05 0.00 0.05
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Dealing with set splits

0.35¢

0.25¢

~0.04 ~0.02
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Dealing with set splits

® Complexity of set representation grows

0.35¢

0.25 ¢

~0.04 ~0.02
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Dealing with set splits

® Complexity of set representation grows

® |nterval approximations to tame complexity

0.35¢

0.25 ¢

~0.04 ~0.02
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Cart policy to stabilize a pole

Ill 10
05
0‘ = w w
w=¢ 00
ST 1 (0)
V=21 Eqﬁ cos s
6= 9.8sin(f) — cos(6)y
- 2/3 =+ 5/11 COS(9)2 -003 0.009 003 0.06

10u + 0.05w? sin(6)

V= 1.1
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Acrobot policy to swing up to a goal height

dot)p + 1 s b2
=" O =
d1 2 w

d=h+h+ mﬂCf +
mz(ll2 + Icg + 2hlc; cos(62))
dr = mg(lc% + hlcs COS(92)) + b

¢2 = mylcag cos (01 + 60y — g)

b1 = —m2lllC26"§ sin(62) — 2ma e 6264 sin(62) + (m1lcy + myh)g cos (01 — %) + ¢2

d> 2 . 2 d3 -
Y= u+ d—1¢1 — mphlcz67 sin(62) — 2 malcy + b — 7

il
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Car policy to reach the top of a mountain

N // 05 - ——-goal

\\\\!!/// 00

o5 | T

0 20 40 60 80 100 120
time

Vkr1 = vk + (u — 1)F — cos(3xk)g

Xk+1 = Xk + Vk+1
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Quadrotor policy to follow a reference trajectory to a goal

N N
N N
N
\\\
T: 177 nodes 03 ~,
I
|
|Lj| =38 !
0.0 7
e
7
//
by
: -0.3
Px = Vx
Py = vy
. R . initial
Pz = Vz -06 N 7 ["Igoal
. ~d // — reference
Vy = gtan(@) N — -boundary
v, = —gtan(¢) 00 02 0.4 06 08 10 12
. Dx
Vv, =a—g
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Size of policies and verification times

System Policy T Verification
#nodes depth #actions time
Cart/pole 5 2 2 15 sec
Acrobot 101 sec
3 113 sec
Mountain/car 9 3 3 7 sec
Quadrotor 177 10 8 84 sec

36/39



Overview

Problem
Neural-network controllers
Decision-tree controllers

Conclusion

37/39



Problem Neural-network controllers Decision-tree controllers Conclusion
000000 0000000000000 000 0000000000000 oeo

Conclusion

Reachability approaches for neural-network control systems/![?
and decision-tree control systems!’!

Orthogonal challenges

® Neural networks: infinitely many continuous control actions

® Decision trees: finitely many discontinuous control actions
® Common challenge: repeated set conversion incurs precision loss
® Mitigated by Taylor models and structured zonotopes

® Avoided by polynomial zonotopes
® Intervals suitable for axis-aligned decisions

Future work:

® Constrained polynomial zonotopes for decision trees
® | earning safe control policies

(1 Schilling, Forets, and Guadalupe. AAAL 2022.
(2 Kochdumper, Schilling, Althoff, and Bak. NASA Formal Methods. 2023.

Bl Schilling, Lukina, Demirovi¢, and Larsen. NeurlPS. Spotlight. 2023.
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Learning safe control poIicies[1][2]

Before repair After repair

(1] Bauer-Marquart, Boetius, Leue, and Schilling. SPIN. 2022.

g Boetius, Leue, and Sutter. /CML. 2023.
39/39



	
	Problem
	Neural-network controllers
	Decision-tree controllers
	Conclusion

	anm4: 
	4.261: 
	4.260: 
	4.259: 
	4.258: 
	4.257: 
	4.256: 
	4.255: 
	4.254: 
	4.253: 
	4.252: 
	4.251: 
	4.250: 
	4.249: 
	4.248: 
	4.247: 
	4.246: 
	4.245: 
	4.244: 
	4.243: 
	4.242: 
	4.241: 
	4.240: 
	4.239: 
	4.238: 
	4.237: 
	4.236: 
	4.235: 
	4.234: 
	4.233: 
	4.232: 
	4.231: 
	4.230: 
	4.229: 
	4.228: 
	4.227: 
	4.226: 
	4.225: 
	4.224: 
	4.223: 
	4.222: 
	4.221: 
	4.220: 
	4.219: 
	4.218: 
	4.217: 
	4.216: 
	4.215: 
	4.214: 
	4.213: 
	4.212: 
	4.211: 
	4.210: 
	4.209: 
	4.208: 
	4.207: 
	4.206: 
	4.205: 
	4.204: 
	4.203: 
	4.202: 
	4.201: 
	4.200: 
	4.199: 
	4.198: 
	4.197: 
	4.196: 
	4.195: 
	4.194: 
	4.193: 
	4.192: 
	4.191: 
	4.190: 
	4.189: 
	4.188: 
	4.187: 
	4.186: 
	4.185: 
	4.184: 
	4.183: 
	4.182: 
	4.181: 
	4.180: 
	4.179: 
	4.178: 
	4.177: 
	4.176: 
	4.175: 
	4.174: 
	4.173: 
	4.172: 
	4.171: 
	4.170: 
	4.169: 
	4.168: 
	4.167: 
	4.166: 
	4.165: 
	4.164: 
	4.163: 
	4.162: 
	4.161: 
	4.160: 
	4.159: 
	4.158: 
	4.157: 
	4.156: 
	4.155: 
	4.154: 
	4.153: 
	4.152: 
	4.151: 
	4.150: 
	4.149: 
	4.148: 
	4.147: 
	4.146: 
	4.145: 
	4.144: 
	4.143: 
	4.142: 
	4.141: 
	4.140: 
	4.139: 
	4.138: 
	4.137: 
	4.136: 
	4.135: 
	4.134: 
	4.133: 
	4.132: 
	4.131: 
	4.130: 
	4.129: 
	4.128: 
	4.127: 
	4.126: 
	4.125: 
	4.124: 
	4.123: 
	4.122: 
	4.121: 
	4.120: 
	4.119: 
	4.118: 
	4.117: 
	4.116: 
	4.115: 
	4.114: 
	4.113: 
	4.112: 
	4.111: 
	4.110: 
	4.109: 
	4.108: 
	4.107: 
	4.106: 
	4.105: 
	4.104: 
	4.103: 
	4.102: 
	4.101: 
	4.100: 
	4.99: 
	4.98: 
	4.97: 
	4.96: 
	4.95: 
	4.94: 
	4.93: 
	4.92: 
	4.91: 
	4.90: 
	4.89: 
	4.88: 
	4.87: 
	4.86: 
	4.85: 
	4.84: 
	4.83: 
	4.82: 
	4.81: 
	4.80: 
	4.79: 
	4.78: 
	4.77: 
	4.76: 
	4.75: 
	4.74: 
	4.73: 
	4.72: 
	4.71: 
	4.70: 
	4.69: 
	4.68: 
	4.67: 
	4.66: 
	4.65: 
	4.64: 
	4.63: 
	4.62: 
	4.61: 
	4.60: 
	4.59: 
	4.58: 
	4.57: 
	4.56: 
	4.55: 
	4.54: 
	4.53: 
	4.52: 
	4.51: 
	4.50: 
	4.49: 
	4.48: 
	4.47: 
	4.46: 
	4.45: 
	4.44: 
	4.43: 
	4.42: 
	4.41: 
	4.40: 
	4.39: 
	4.38: 
	4.37: 
	4.36: 
	4.35: 
	4.34: 
	4.33: 
	4.32: 
	4.31: 
	4.30: 
	4.29: 
	4.28: 
	4.27: 
	4.26: 
	4.25: 
	4.24: 
	4.23: 
	4.22: 
	4.21: 
	4.20: 
	4.19: 
	4.18: 
	4.17: 
	4.16: 
	4.15: 
	4.14: 
	4.13: 
	4.12: 
	4.11: 
	4.10: 
	4.9: 
	4.8: 
	4.7: 
	4.6: 
	4.5: 
	4.4: 
	4.3: 
	4.2: 
	4.1: 
	4.0: 
	anm3: 
	3.300: 
	3.299: 
	3.298: 
	3.297: 
	3.296: 
	3.295: 
	3.294: 
	3.293: 
	3.292: 
	3.291: 
	3.290: 
	3.289: 
	3.288: 
	3.287: 
	3.286: 
	3.285: 
	3.284: 
	3.283: 
	3.282: 
	3.281: 
	3.280: 
	3.279: 
	3.278: 
	3.277: 
	3.276: 
	3.275: 
	3.274: 
	3.273: 
	3.272: 
	3.271: 
	3.270: 
	3.269: 
	3.268: 
	3.267: 
	3.266: 
	3.265: 
	3.264: 
	3.263: 
	3.262: 
	3.261: 
	3.260: 
	3.259: 
	3.258: 
	3.257: 
	3.256: 
	3.255: 
	3.254: 
	3.253: 
	3.252: 
	3.251: 
	3.250: 
	3.249: 
	3.248: 
	3.247: 
	3.246: 
	3.245: 
	3.244: 
	3.243: 
	3.242: 
	3.241: 
	3.240: 
	3.239: 
	3.238: 
	3.237: 
	3.236: 
	3.235: 
	3.234: 
	3.233: 
	3.232: 
	3.231: 
	3.230: 
	3.229: 
	3.228: 
	3.227: 
	3.226: 
	3.225: 
	3.224: 
	3.223: 
	3.222: 
	3.221: 
	3.220: 
	3.219: 
	3.218: 
	3.217: 
	3.216: 
	3.215: 
	3.214: 
	3.213: 
	3.212: 
	3.211: 
	3.210: 
	3.209: 
	3.208: 
	3.207: 
	3.206: 
	3.205: 
	3.204: 
	3.203: 
	3.202: 
	3.201: 
	3.200: 
	3.199: 
	3.198: 
	3.197: 
	3.196: 
	3.195: 
	3.194: 
	3.193: 
	3.192: 
	3.191: 
	3.190: 
	3.189: 
	3.188: 
	3.187: 
	3.186: 
	3.185: 
	3.184: 
	3.183: 
	3.182: 
	3.181: 
	3.180: 
	3.179: 
	3.178: 
	3.177: 
	3.176: 
	3.175: 
	3.174: 
	3.173: 
	3.172: 
	3.171: 
	3.170: 
	3.169: 
	3.168: 
	3.167: 
	3.166: 
	3.165: 
	3.164: 
	3.163: 
	3.162: 
	3.161: 
	3.160: 
	3.159: 
	3.158: 
	3.157: 
	3.156: 
	3.155: 
	3.154: 
	3.153: 
	3.152: 
	3.151: 
	3.150: 
	3.149: 
	3.148: 
	3.147: 
	3.146: 
	3.145: 
	3.144: 
	3.143: 
	3.142: 
	3.141: 
	3.140: 
	3.139: 
	3.138: 
	3.137: 
	3.136: 
	3.135: 
	3.134: 
	3.133: 
	3.132: 
	3.131: 
	3.130: 
	3.129: 
	3.128: 
	3.127: 
	3.126: 
	3.125: 
	3.124: 
	3.123: 
	3.122: 
	3.121: 
	3.120: 
	3.119: 
	3.118: 
	3.117: 
	3.116: 
	3.115: 
	3.114: 
	3.113: 
	3.112: 
	3.111: 
	3.110: 
	3.109: 
	3.108: 
	3.107: 
	3.106: 
	3.105: 
	3.104: 
	3.103: 
	3.102: 
	3.101: 
	3.100: 
	3.99: 
	3.98: 
	3.97: 
	3.96: 
	3.95: 
	3.94: 
	3.93: 
	3.92: 
	3.91: 
	3.90: 
	3.89: 
	3.88: 
	3.87: 
	3.86: 
	3.85: 
	3.84: 
	3.83: 
	3.82: 
	3.81: 
	3.80: 
	3.79: 
	3.78: 
	3.77: 
	3.76: 
	3.75: 
	3.74: 
	3.73: 
	3.72: 
	3.71: 
	3.70: 
	3.69: 
	3.68: 
	3.67: 
	3.66: 
	3.65: 
	3.64: 
	3.63: 
	3.62: 
	3.61: 
	3.60: 
	3.59: 
	3.58: 
	3.57: 
	3.56: 
	3.55: 
	3.54: 
	3.53: 
	3.52: 
	3.51: 
	3.50: 
	3.49: 
	3.48: 
	3.47: 
	3.46: 
	3.45: 
	3.44: 
	3.43: 
	3.42: 
	3.41: 
	3.40: 
	3.39: 
	3.38: 
	3.37: 
	3.36: 
	3.35: 
	3.34: 
	3.33: 
	3.32: 
	3.31: 
	3.30: 
	3.29: 
	3.28: 
	3.27: 
	3.26: 
	3.25: 
	3.24: 
	3.23: 
	3.22: 
	3.21: 
	3.20: 
	3.19: 
	3.18: 
	3.17: 
	3.16: 
	3.15: 
	3.14: 
	3.13: 
	3.12: 
	3.11: 
	3.10: 
	3.9: 
	3.8: 
	3.7: 
	3.6: 
	3.5: 
	3.4: 
	3.3: 
	3.2: 
	3.1: 
	3.0: 
	anm2: 
	2.256: 
	2.255: 
	2.254: 
	2.253: 
	2.252: 
	2.251: 
	2.250: 
	2.249: 
	2.248: 
	2.247: 
	2.246: 
	2.245: 
	2.244: 
	2.243: 
	2.242: 
	2.241: 
	2.240: 
	2.239: 
	2.238: 
	2.237: 
	2.236: 
	2.235: 
	2.234: 
	2.233: 
	2.232: 
	2.231: 
	2.230: 
	2.229: 
	2.228: 
	2.227: 
	2.226: 
	2.225: 
	2.224: 
	2.223: 
	2.222: 
	2.221: 
	2.220: 
	2.219: 
	2.218: 
	2.217: 
	2.216: 
	2.215: 
	2.214: 
	2.213: 
	2.212: 
	2.211: 
	2.210: 
	2.209: 
	2.208: 
	2.207: 
	2.206: 
	2.205: 
	2.204: 
	2.203: 
	2.202: 
	2.201: 
	2.200: 
	2.199: 
	2.198: 
	2.197: 
	2.196: 
	2.195: 
	2.194: 
	2.193: 
	2.192: 
	2.191: 
	2.190: 
	2.189: 
	2.188: 
	2.187: 
	2.186: 
	2.185: 
	2.184: 
	2.183: 
	2.182: 
	2.181: 
	2.180: 
	2.179: 
	2.178: 
	2.177: 
	2.176: 
	2.175: 
	2.174: 
	2.173: 
	2.172: 
	2.171: 
	2.170: 
	2.169: 
	2.168: 
	2.167: 
	2.166: 
	2.165: 
	2.164: 
	2.163: 
	2.162: 
	2.161: 
	2.160: 
	2.159: 
	2.158: 
	2.157: 
	2.156: 
	2.155: 
	2.154: 
	2.153: 
	2.152: 
	2.151: 
	2.150: 
	2.149: 
	2.148: 
	2.147: 
	2.146: 
	2.145: 
	2.144: 
	2.143: 
	2.142: 
	2.141: 
	2.140: 
	2.139: 
	2.138: 
	2.137: 
	2.136: 
	2.135: 
	2.134: 
	2.133: 
	2.132: 
	2.131: 
	2.130: 
	2.129: 
	2.128: 
	2.127: 
	2.126: 
	2.125: 
	2.124: 
	2.123: 
	2.122: 
	2.121: 
	2.120: 
	2.119: 
	2.118: 
	2.117: 
	2.116: 
	2.115: 
	2.114: 
	2.113: 
	2.112: 
	2.111: 
	2.110: 
	2.109: 
	2.108: 
	2.107: 
	2.106: 
	2.105: 
	2.104: 
	2.103: 
	2.102: 
	2.101: 
	2.100: 
	2.99: 
	2.98: 
	2.97: 
	2.96: 
	2.95: 
	2.94: 
	2.93: 
	2.92: 
	2.91: 
	2.90: 
	2.89: 
	2.88: 
	2.87: 
	2.86: 
	2.85: 
	2.84: 
	2.83: 
	2.82: 
	2.81: 
	2.80: 
	2.79: 
	2.78: 
	2.77: 
	2.76: 
	2.75: 
	2.74: 
	2.73: 
	2.72: 
	2.71: 
	2.70: 
	2.69: 
	2.68: 
	2.67: 
	2.66: 
	2.65: 
	2.64: 
	2.63: 
	2.62: 
	2.61: 
	2.60: 
	2.59: 
	2.58: 
	2.57: 
	2.56: 
	2.55: 
	2.54: 
	2.53: 
	2.52: 
	2.51: 
	2.50: 
	2.49: 
	2.48: 
	2.47: 
	2.46: 
	2.45: 
	2.44: 
	2.43: 
	2.42: 
	2.41: 
	2.40: 
	2.39: 
	2.38: 
	2.37: 
	2.36: 
	2.35: 
	2.34: 
	2.33: 
	2.32: 
	2.31: 
	2.30: 
	2.29: 
	2.28: 
	2.27: 
	2.26: 
	2.25: 
	2.24: 
	2.23: 
	2.22: 
	2.21: 
	2.20: 
	2.19: 
	2.18: 
	2.17: 
	2.16: 
	2.15: 
	2.14: 
	2.13: 
	2.12: 
	2.11: 
	2.10: 
	2.9: 
	2.8: 
	2.7: 
	2.6: 
	2.5: 
	2.4: 
	2.3: 
	2.2: 
	2.1: 
	2.0: 
	anm1: 
	1.261: 
	1.260: 
	1.259: 
	1.258: 
	1.257: 
	1.256: 
	1.255: 
	1.254: 
	1.253: 
	1.252: 
	1.251: 
	1.250: 
	1.249: 
	1.248: 
	1.247: 
	1.246: 
	1.245: 
	1.244: 
	1.243: 
	1.242: 
	1.241: 
	1.240: 
	1.239: 
	1.238: 
	1.237: 
	1.236: 
	1.235: 
	1.234: 
	1.233: 
	1.232: 
	1.231: 
	1.230: 
	1.229: 
	1.228: 
	1.227: 
	1.226: 
	1.225: 
	1.224: 
	1.223: 
	1.222: 
	1.221: 
	1.220: 
	1.219: 
	1.218: 
	1.217: 
	1.216: 
	1.215: 
	1.214: 
	1.213: 
	1.212: 
	1.211: 
	1.210: 
	1.209: 
	1.208: 
	1.207: 
	1.206: 
	1.205: 
	1.204: 
	1.203: 
	1.202: 
	1.201: 
	1.200: 
	1.199: 
	1.198: 
	1.197: 
	1.196: 
	1.195: 
	1.194: 
	1.193: 
	1.192: 
	1.191: 
	1.190: 
	1.189: 
	1.188: 
	1.187: 
	1.186: 
	1.185: 
	1.184: 
	1.183: 
	1.182: 
	1.181: 
	1.180: 
	1.179: 
	1.178: 
	1.177: 
	1.176: 
	1.175: 
	1.174: 
	1.173: 
	1.172: 
	1.171: 
	1.170: 
	1.169: 
	1.168: 
	1.167: 
	1.166: 
	1.165: 
	1.164: 
	1.163: 
	1.162: 
	1.161: 
	1.160: 
	1.159: 
	1.158: 
	1.157: 
	1.156: 
	1.155: 
	1.154: 
	1.153: 
	1.152: 
	1.151: 
	1.150: 
	1.149: 
	1.148: 
	1.147: 
	1.146: 
	1.145: 
	1.144: 
	1.143: 
	1.142: 
	1.141: 
	1.140: 
	1.139: 
	1.138: 
	1.137: 
	1.136: 
	1.135: 
	1.134: 
	1.133: 
	1.132: 
	1.131: 
	1.130: 
	1.129: 
	1.128: 
	1.127: 
	1.126: 
	1.125: 
	1.124: 
	1.123: 
	1.122: 
	1.121: 
	1.120: 
	1.119: 
	1.118: 
	1.117: 
	1.116: 
	1.115: 
	1.114: 
	1.113: 
	1.112: 
	1.111: 
	1.110: 
	1.109: 
	1.108: 
	1.107: 
	1.106: 
	1.105: 
	1.104: 
	1.103: 
	1.102: 
	1.101: 
	1.100: 
	1.99: 
	1.98: 
	1.97: 
	1.96: 
	1.95: 
	1.94: 
	1.93: 
	1.92: 
	1.91: 
	1.90: 
	1.89: 
	1.88: 
	1.87: 
	1.86: 
	1.85: 
	1.84: 
	1.83: 
	1.82: 
	1.81: 
	1.80: 
	1.79: 
	1.78: 
	1.77: 
	1.76: 
	1.75: 
	1.74: 
	1.73: 
	1.72: 
	1.71: 
	1.70: 
	1.69: 
	1.68: 
	1.67: 
	1.66: 
	1.65: 
	1.64: 
	1.63: 
	1.62: 
	1.61: 
	1.60: 
	1.59: 
	1.58: 
	1.57: 
	1.56: 
	1.55: 
	1.54: 
	1.53: 
	1.52: 
	1.51: 
	1.50: 
	1.49: 
	1.48: 
	1.47: 
	1.46: 
	1.45: 
	1.44: 
	1.43: 
	1.42: 
	1.41: 
	1.40: 
	1.39: 
	1.38: 
	1.37: 
	1.36: 
	1.35: 
	1.34: 
	1.33: 
	1.32: 
	1.31: 
	1.30: 
	1.29: 
	1.28: 
	1.27: 
	1.26: 
	1.25: 
	1.24: 
	1.23: 
	1.22: 
	1.21: 
	1.20: 
	1.19: 
	1.18: 
	1.17: 
	1.16: 
	1.15: 
	1.14: 
	1.13: 
	1.12: 
	1.11: 
	1.10: 
	1.9: 
	1.8: 
	1.7: 
	1.6: 
	1.5: 
	1.4: 
	1.3: 
	1.2: 
	1.1: 
	1.0: 
	anm0: 
	0.256: 
	0.255: 
	0.254: 
	0.253: 
	0.252: 
	0.251: 
	0.250: 
	0.249: 
	0.248: 
	0.247: 
	0.246: 
	0.245: 
	0.244: 
	0.243: 
	0.242: 
	0.241: 
	0.240: 
	0.239: 
	0.238: 
	0.237: 
	0.236: 
	0.235: 
	0.234: 
	0.233: 
	0.232: 
	0.231: 
	0.230: 
	0.229: 
	0.228: 
	0.227: 
	0.226: 
	0.225: 
	0.224: 
	0.223: 
	0.222: 
	0.221: 
	0.220: 
	0.219: 
	0.218: 
	0.217: 
	0.216: 
	0.215: 
	0.214: 
	0.213: 
	0.212: 
	0.211: 
	0.210: 
	0.209: 
	0.208: 
	0.207: 
	0.206: 
	0.205: 
	0.204: 
	0.203: 
	0.202: 
	0.201: 
	0.200: 
	0.199: 
	0.198: 
	0.197: 
	0.196: 
	0.195: 
	0.194: 
	0.193: 
	0.192: 
	0.191: 
	0.190: 
	0.189: 
	0.188: 
	0.187: 
	0.186: 
	0.185: 
	0.184: 
	0.183: 
	0.182: 
	0.181: 
	0.180: 
	0.179: 
	0.178: 
	0.177: 
	0.176: 
	0.175: 
	0.174: 
	0.173: 
	0.172: 
	0.171: 
	0.170: 
	0.169: 
	0.168: 
	0.167: 
	0.166: 
	0.165: 
	0.164: 
	0.163: 
	0.162: 
	0.161: 
	0.160: 
	0.159: 
	0.158: 
	0.157: 
	0.156: 
	0.155: 
	0.154: 
	0.153: 
	0.152: 
	0.151: 
	0.150: 
	0.149: 
	0.148: 
	0.147: 
	0.146: 
	0.145: 
	0.144: 
	0.143: 
	0.142: 
	0.141: 
	0.140: 
	0.139: 
	0.138: 
	0.137: 
	0.136: 
	0.135: 
	0.134: 
	0.133: 
	0.132: 
	0.131: 
	0.130: 
	0.129: 
	0.128: 
	0.127: 
	0.126: 
	0.125: 
	0.124: 
	0.123: 
	0.122: 
	0.121: 
	0.120: 
	0.119: 
	0.118: 
	0.117: 
	0.116: 
	0.115: 
	0.114: 
	0.113: 
	0.112: 
	0.111: 
	0.110: 
	0.109: 
	0.108: 
	0.107: 
	0.106: 
	0.105: 
	0.104: 
	0.103: 
	0.102: 
	0.101: 
	0.100: 
	0.99: 
	0.98: 
	0.97: 
	0.96: 
	0.95: 
	0.94: 
	0.93: 
	0.92: 
	0.91: 
	0.90: 
	0.89: 
	0.88: 
	0.87: 
	0.86: 
	0.85: 
	0.84: 
	0.83: 
	0.82: 
	0.81: 
	0.80: 
	0.79: 
	0.78: 
	0.77: 
	0.76: 
	0.75: 
	0.74: 
	0.73: 
	0.72: 
	0.71: 
	0.70: 
	0.69: 
	0.68: 
	0.67: 
	0.66: 
	0.65: 
	0.64: 
	0.63: 
	0.62: 
	0.61: 
	0.60: 
	0.59: 
	0.58: 
	0.57: 
	0.56: 
	0.55: 
	0.54: 
	0.53: 
	0.52: 
	0.51: 
	0.50: 
	0.49: 
	0.48: 
	0.47: 
	0.46: 
	0.45: 
	0.44: 
	0.43: 
	0.42: 
	0.41: 
	0.40: 
	0.39: 
	0.38: 
	0.37: 
	0.36: 
	0.35: 
	0.34: 
	0.33: 
	0.32: 
	0.31: 
	0.30: 
	0.29: 
	0.28: 
	0.27: 
	0.26: 
	0.25: 
	0.24: 
	0.23: 
	0.22: 
	0.21: 
	0.20: 
	0.19: 
	0.18: 
	0.17: 
	0.16: 
	0.15: 
	0.14: 
	0.13: 
	0.12: 
	0.11: 
	0.10: 
	0.9: 
	0.8: 
	0.7: 
	0.6: 
	0.5: 
	0.4: 
	0.3: 
	0.2: 
	0.1: 
	0.0: 


